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For each inner function Θ and p ∈ [1,∞), let KpΘ = Hp ∩ΘHp0 denote a typical ∗-invariant
subspace of the classical Hardy space Hp. The paper under review concerns the general question
of determining all Borel measures µ on the closed unit disk D such that KpΘ can be embedded in
Lp(µ), a question which dates back to the work of W. S. Cohn [Pacific J. Math. 103 (1982), no. 2,
347–364; MR0705235 (84m:30054)]. The embedding KpΘ ⊂ Lp(µ) is equivalent to an estimate
of the form ‖f‖Lp(µ) ≤ C‖f‖p for f ∈ KpΘ and for some constant C > 0. Currently, a complete
description of such measures is known only in certain special cases. Of particular interest are
one-component inner functions, those inner functions Θ such that the level set
Ω(Θ, ε) = {z ∈ D : |Θ(z)|< ε}
is connected for some ε ∈ (0, 1). A noteworthy theorem in the area is due to A. L. Vol′berg and
S. Treil [Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 149 (1986), Issled.
Lineı˘n. Teor. Funktsiı˘. XV, 38–51, 186–187; MR0849293 (88f:47028)], who proved that KpΘ
embeds in Lp(µ) if there exists an ε ∈ (0, 1) such that µ(S(I)) ≤ C|I| for all Carleson squares
S(I) satisfying S(I)∩Ω(Θ, ε) 6=∅.
A new approach to this family of problems was suggested by the author in previous work [Algebra
i Analiz 15 (2003), no. 5, 138–168; MR2068792 (2005b:30037); J. Funct. Anal. 223 (2005), no. 1,
116–146; MR2139883 (2007b:46041)]. This approach relies upon the use of Bernstein inequalities
for the spaces KpΘ, which are weighted norm inequalities relating f ′ to the standard Lp-norm of
f ∈KpΘ in the spaceLp(T, µ). Using these techniques, the author proves that the embedding ofKpΘ
in Lp(µ) is compact whenever a certain natural vanishing condition on µ holds. In particular, this
yields a positive answer to a question of J. A. Cima and A. L. Matheson [Quaest. Math. 26 (2003),
no. 3, 279–288; MR2018910 (2004k:30083)]. This paper also contains a number of other results
concerning the question of when the embedding operator belongs to a Schatten-von Neumann
ideal Sr. For one-component inner functions, many of the author’s results are also reversible and
hence they yield definitive answers.
Reviewed by Stephan R. Garcia
References
1. J. B. Garnett, Bounded analytic functions, Pure Appl. Math., vol. 96, Academic Press, New
York-London 1981; Russian transl., Mir, Moscow 1984. MR0767451 (85j:30072)
2. A. B. Aleksandrov, ”Invariant subspaces of the shift operator. Axiomatic approach”, Studies
on linear operator and function theory. XI, Zap. Nauchn. Sem. LOMI, vol. 113, Nauka,
Leningrad 1981, pp. 7–26; Englih transl., J. Soviet Math. 22:6 (1983), 1695–1708. MR0629832
(83g:47031)
3. N. K. Nikol’skii, Treatise on the shift operator, Nauka, Moscow 1980; English transl.,
Grundlehren Math. Wiss., vol. 273, Springer-Verlag, Berlin-Heidelberg 1986. MR0827223
(87i:47042)
4. N. K. Nikolski, Operators, functions, and systems: an easy reading. Vol. 2: Model operators and
systems, Math. Surveys Monogr., vol. 93, Amer. Math. Soc., Providence, RI 2002. MR1892647
(2003i:47001b)
5. J. A. Cima and W. T. Ross, The backward shift on the Hardy space, Math. Surveys Monogr.,
vol. 79, Amer. Math. Soc., Providence, RI 2000. MR1761913 (2002f:47068)
6. S. V. Hrusˇcˇev, N. K. Nikol’skii, and B. S. Pavlov, ”Unconditional bases of exponentials and of
reproducing kernels”, Complex analysis and spectral theory, Lecture Notes in Math., vol. 864,
Springer-Verlag, Berlin-New York 1981, pp. 214–335. MR0643384 (84k:46019)
7. B. Cohn, ”Carleson measures for functions orthogonal to invariant subspaces”, Pacific J. Math.
103:2 (1982), 347–364. MR0705235 (84m:30054)
8. S. C. Power, ”Vanishing Carleson measures”, Bull. Lond. Math. Soc. 12:3 (1980), 207–210.
MR0572103 (82c:30057)
9. O. Blasco and H. Jarchow, ”A note on Carleson measures for Hardy spaces”, Acta Sci. Math.
(Szeged) 71:1–2 (2005), 371–389. MR2160373 (2006d:30048)
10. F. Nazarov and A. Volberg, ”The Bellman function, the two-weight Hilbert transform, and
embeddings of the model spaces Kθ”, J. Anal. Math. 87:1 (2002), 385–414. MR1945290
(2003j:30081)
11. A. L. Vol’berg and S. R. Treil’, ”Imbedding theorems for the invariant subspaces of the back-
ward shift operator”, Studies on linear operators and function theory. XV, Zap. Nauchn. Sem.
LOMI, vol. 149, Nauka, Leningrad 1986, pp. 38–51; English transl., J. Soviet Math. 42:2
(1988), 1562–1572. MR0849293 (88f:47028)
12. A. B. Aleksandrov, ”On embedding theorems for coinvariant subspaces of the shift operator.
II”, Studies on linear operators and function theory. 27, Zap. Nauchn. Sem. POMI, vol. 262,
POMI, St. Petersburg 1999, pp. 5–48; English transl., J. Math. Sci. (New York) 110:5 (2002),
2907–2929. MR1734326 (2001g:46047)
13. W. S. Cohn, ”Carleson measures and operators on star-invariant subspaces”, J. Operator Theory
15:1 (1986), 181–202. MR0816238 (87g:47054)
14. K. M. Dyakonov, ”Embedding theorems for star-invariant subspaces generated by smooth inner
functions”, J. Funct. Anal. 157:2 (1998), 588–598. MR1638273 (99k:46034)
15. A. L. Volberg, ”Thin and thick families of rational fractions”, Complex analysis and spectral
theory, Lecture Notes in Math., vol. 864, Springer-Verlag, Berlin-New York 1981, pp. 440–480.
MR0643388 (83j:30038)
16. J. A. Cima and A. L. Matheson, ”On Carleson embeddings of star-invariant supspaces”, Quaest.
Math. 26:3 (2003), 279–288. MR2018910 (2004k:30083)
17. D. N. Clark, ”One dimensional perturbations of restricted shifts”, J. Analyse Math. 25:1 (1972),
169–191. MR0301534 (46 #692)
18. A. D. Baranov, ”Weighted Bernstein-type inequalities, and embedding theorems for the model
subspaces”, Algebra i Analiz 15:5 (2003), 138–168; English transl., St. Petersburg Math. J.
15:5 (2004), 733–752. MR2068792 (2005b:30037)
19. A. D. Baranov, ”Bernstein-type inequalities for shift-coinvariant subspaces and their ap-
plications to Carleson embeddings”, J. Funct. Anal. 223:1 (2005), 116–146. MR2139883
(2007b:46041)
20. A. Baranov, ”Stability of the bases and frames reproducing kernels in model spaces”, Ann. Inst.
Fourier (Grenoble) 55:7 (2005), 2399–2422. MR2207388 (2006j:30064)
21. D. H. Luecking, ”Trace ideal criteria for Toeplitz operators”, J. Funct. Anal. 73:2 (1987),
345–368. MR0899655 (88m:47046)
22. O. G. Parfenov, ”On properties of imbedding operators of certain classes of analytic functions”,
Algebra i Analiz 3:2 (1991), 199–222; English transl., St. Petersburg Math. J. 3:2 (1992), 425–
446. MR1137528 (92k:46032)
23. O. G. Parfenov, ”Weighted estimates of the Fourier transformation”, Studies on linear operators
and function theory. 23, Zap. Nauchn. Sem. POMI, vol. 222, POMI, St. Petersburg 1995, pp.
151–162; English transl., J. Math. Sci. (New York) 87:5 (1997), 3878–3885. MR1359997
(96k:42011)
24. A. B. Aleksandrov, ”Inner functions and related spaces of pseudo-continuable functions”,
Studies on linear operators and function theory. 17, Zap. Nauchn. Sem. LOMI, vol. 170,
Nauka, Leningrad 1989, pp. 7–33; English transl., J. Soviet Math. 63:2 (1993), 115–129.
MR1039571 (91c:30063)
25. P. R. Ahem and D. N. Clark, ”Radial limits and invariant subspaces”, Amer. J. Math. 92:2
(1970), 332–342. MR0262511 (41 #7117)
26. W. S. Cohn, ”Radial limits and star invariant subspaces of bounded mean oscillation”, Amer. J.
Math. 108:3 (1986), 719–749. MR0844637 (87j:30076)
27. M. B. Levin, ”An estimate for the derivative of a meromorphic function on the boundary of a
region”, Dokl. Akad. Nauk SSSR 216 (1974), 495–497; English transl., Soviet Math. Dokl. 15
(1974), 831–834. MR0352468 (50 #4955)
28. P. Borwein and T. Erde´lyi, ”Sharp extensions of Bernstein’s inequality to rational spaces”,
Mathematika 43:2 (1996), 412–423. MR1433285 (97k:26014)
29. K. M. D’yakonov, ”Entire functions of exponential type and model subspaces in II”, Stud-
ies on linear operators and function theory. 19, Zap. Nauchn. Sem. LOMI, vol. 190,
Nauka, Leningrad 1991, pp. 81–100; English transl., J. Math. Sci. 71:1 (1994), 2222–2233.
MR1111913 (92h:30072)
30. K. M. Dyakonov, ”Differentiation in star-invariant subspaces. I: Boundedness and compact-
ness”, J. Funct. Anal. 192:2 (2002), 364–386. MR1923406 (2003g:30060)
31. A. D. Baranov, ”Estimates of theHp-norms of derivatives in spaces of entire functions”, Studies
on linear operators and function theory. 31, Zap. Nauchn. Sem. POMI, vol. 303, POMI, St.
Petersburg 2003, pp. 5–33; English transl., J. Math. Sci. (N. Y.) 129:4 (2005), 3927–3943.
MR2037529 (2004m:30038)
32. I. C. Gohberg and M. G. Krein, Introduction to the theory of linear nonselfadjoint operators,
Nauka, Moscow 1965; English transl., Transl. Math. Monogr., vol. 18, Amer. Math. Soc.,
Providence, RI 1969. MR0246142 (39 #7447)
Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.
c© Copyright American Mathematical Society 2012, 2013
